Two-mode squeezed states can be used to achieve Heisenberg-limit scaling in interferometry: a phase shift of δϕ ≈ 2.76/ N can be resolved. The proposed scheme relies on balanced homodyne detection and can be implemented with current technology. The most important experimental imperfections are studied, analytical expressions derived, and their impact quantified both in terms of the conventional mode formalism as well as in terms of covariance matrices.
Introduction
The best possible phase resolution for an interferometer is given by the Heisenberg limit for the minimum detectable phase shift δϕ = 1/ N where N is the average intensity (number of photons or other bosons).
Present optical interferometers typically operate at the shot noise resolution limit δϕ ∼ 1/ √ N . Interest in reaching the Heisenberg limit is great because it presents a fundamental limit and overcomes the shot noise limit leading to potential applications in high resolution distance measurements, for instance, in detecting gravitational waves [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] .
Known, feasible schemes use degenerate squeezed vacuum combined with coherent light to increase the phase sensitivity achieving sub-shot noise resolution, but do not reach the Heisenberg limit [6, 7] . More recent publications describing schemes that theoretically reach the Heisenberg limit have mostly considered quantum states which are very hard to synthesize [8-10, 12, 13, 15-17] and suggest using unrealistically high nonlinearities to guide the light through the interferometer [10] or detectors which have single-photon resolution even when dealing with very many photons [4, 5, 8, 9, [12] [13] [14] [15] [16] [17] . The practical limitations of interferometric schemes using monomode quantum states were pointed out in [18] , and a similar scheme to the one presented here using heterodyne detection on a two-mode beam has been considered in [19] . This paper proposes using a standard linear two-path interferometer fed with two-mode squeezed vacuum states degenerate in energy and polarization [5, 9] ; see figure 1. But rather than measuring photon numbers (intensities) we want to measure the product of the output ports' quadrature components, i.e. perform balanced homodyne detection [1, 20] . The only nonlinearities used in the set-up proposed here are those of the crystal for parametric downconversion to generate the two-mode squeezed vacuum state. It turns out that modest squeezing, i.e. low intensities, suffice to reach interferometric resolution at approximately three times the Heisenberg limit:
The use of balanced homodyne detection removes the detection problems mentioned above. Because only well established technology is required [20] [21] [22] [23] , a proof-ofprinciple experiment will be immediately possible. use the covariance matrix formalism [26, 27] . Gaussian states are uniquely characterized by (first and) second moments of their canonical variables:
Correlations or second moments of the canonical variables can be collected in a (2N × 2N )-dimensional covariance matrix
Using this covariance matrix, we can write the characteristic function of a Gaussian state with zero mean as
For example, the mode transformation of vacuum to two-mode squeezed vacuum readsâ 1 
where U = cosh G and V = −i exp(iξ ) sinh G with the single-pass gain G = g|E p |L and a relative phase ξ which we will assume to be zero. L is the interaction path length, E p the pump laser's amplitude and g the gain coefficient proportional to the nonlinear susceptibility χ (2) of the down-conversion medium DC [1, 24] . The corresponding covariance matrix is
Beam splitter B 1 in figure 1 is described byâ 2 = (â 1 +b 1 )/ √ 2 andb 2 = (−â 1 +b 1 )/ √ 2. This is followed by a phase shifter in modeâ 2 → e i â 2 . The action of the beam mixer B 2 is analogously described byâ 3 = (â 2 −b 2 )/ √ 2 and b 3 = (â 2 +b 2 )/ √ 2 and the total transformation thus readŝ
In the language of covariance matrices, the actions of the beam splitters B 1 and B 2 are described by the actions of the orthogonal transformation matrices
on the covariance matrix Γ 1 (1I 2 is the two-dimensional identity matrix). The phase shifter in channelâ 2 is analogously described by the rotation matrix
All in all, the resulting covariance matrix of the quantum state impinging on the homodyne detectors H a and H b therefore reads
According to equations (6) and (7), the corresponding intensity N is [1]
or, upon using equation (10),
The factor 1/4 is due to the transformation (2) . The extra term of −1 transforms the symmetrically ordered covariance matrix elements to the desired normally ordered second moments required for the determination of the intensity. It is well know that balanced homodyne detection measures the quadrature components of the monitored fields. We assume that the relative phases of the local oscillators in our double-homodyne set-up are adjusted in such a way that the photocurrents of detectors H a and H b are proportional to the expectation values of the position (â 3 +â † 3 )/ √ 2 and momentum
2i [1, 28] . We tried to find an interferometric signal which is easy to measure and carries little noise. We find that the product P of the photocurrents is very suitable [29] ; it amounts to
Note that we observe a double period in the phase interval = 0, . . . , 2π in equation (13) and in figure 2 because our signal stems from the product of two homodyne currents. The corresponding second moment P 2 is
where we used the intensity expression (11) . In the covariance matrix picture, equation (3), the product of the photocurrents P is simply given by the matrix element (Γ 3 ) 14 = (Γ 3 ) 41 . Analogously, the second moment P 2 is equal to
This can be seen from the standard differentiation formula [30] 
where χ(λ) is the characteristic function of the Gaussian quantum state (4). This yields the standard deviation
S67 which in our case amounts to
which is minimal for min . = φ = π/2. Consequently the associated standard expression for the phase resolution limit δφ = σ ( )/|∂ P/∂ | =π/2 is 1/|∂ P/∂ | =φ = 1/ N 2 + 2 N ≈ 1/ N . This result seems to indicate that we can reach the Heisenberg limit since the minimal detected phase difference δφ ≈ 1/ N . But an inspection of the behaviour of the second moment of the signal in figure 2 shows that the noise varies greatly in the vicinity of the optimal point φ = π/2. We therefore have to analyse the behaviour of the noise valley around φ more closely. It turns out that the rapid growth of noise away from the optimal point does not let us achieve Heisenberg-limit resolution but the gradient of the slopes is sufficiently low to allow for a reduced phase resolution that scales like the Heisenberg limit, namely, according to our main result (1) . Note that a similar problem was encountered in [4] which was resolved by the stipulation that the interferometer acted in a 'phaseconjugated' way, meaning that when armâ 2 lengthens,b 2 contracts by the same amount. In the present case this solution does not help and we have to accept a diminished performance. To derive our limit (1), let us remind ourselves of the standard derivation for the noise-induced phase spread that limits interferometric resolution. Assuming that we encounter a noisy signal P( ) ± σ ( ) with standard deviation σ we want to be able to tell the parameter φ apart from φ + φ. We therefore require (assuming, for definiteness, that P 0 and grows with increasing ) that, according to the Rayleigh criterion,
. Making the approximation P(φ + φ) ≈ P(φ) + φ∂ P(φ)/∂φ, assuming equality of the left-and right-hand sides in order to determine the smallest permissible δφ and that the variance does not change appreciably σ (φ + φ) ≈ σ (φ), this yields the standard expression for the phase resolution limit δφ = σ (φ)/|∂ P/∂ | =φ . In our case, however, we need to look at an expression which accounts for the changing variance; we therefore have to include both variances σ (ϕ) and σ (ϕ + δϕ); according to the above discussion this leads to the modified criterion
Choosing the optimal working point ϕ = π/2, this yields an implicit equation for δϕ which is not too easy to solve in the general case. However, for sufficiently high intensities (G > 2.5 ⇒ N > 2 sinh(2.5) 2 ≈ 73 photons) we find the analytical solution δϕ = 4/ N . This is illustrated by figure 3 and can be verified by direct substitution into (19) . Because in our scheme the noise is phase sensitive it only works at particular phase settings (odd multiples of π/2; see figure 2 ) and our set-up has to include a feedback mechanismnot mentioned in figure 1.
Robustness and further increase in sensitivity
Having shown that our scheme allows for Heisenberg-limitlike scaling in interferometric sensitivity, we would also like to Figure 2. The signal P and the square root of the signal second moment P 2 , see equations (13) and (14), give us an idea of the behaviour of the noise when measuring the homodyne current product (13) . look at its sensitivity to experimental imperfections. Balanced homodyne detection amplifies quantum features to the classical level [1] . For strong fields, detector losses can be kept small [20, 21, 28] and will therefore not be discussed further. More importantly, losses and imbalances in the state preparation and interferometric part of the set-up sketched in figure 1 deserve consideration. The main question we want to address is whether the introduction of experimental imperfections leads to a gradual loss of performance or whether we might be unlucky and a qualitative change in behaviour result from any minute imperfection. It turns out that the former is the case, yet experimental demands on the state preparation part of the set-up are very high. Figure 4 compares the various cases for losses and imbalances and shows that the system is more forgiving of losses in the interferometer part than ones in the state preparation part: the quantum state utilized has to be prepared with great skill but the scheme is comparatively robust against imperfections of the interferometer. When all imperfections are studied simultaneously their effects add up, i.e., tend to be dominated by the largest effect(s).
Let us first consider losses in the state preparation part of the set-up, i.e. losses in modesâ 1 andb 1 extending from inside the crystal to the first beam splitter B 1 . They are described by the mode transformationsâ 1 loss modes (not mentioned) and the admixed vacuum modesû 1 andv 1 . In the covariance matrix picture, losses are described by replacing the current covariance matrix Γ 1 by
where the matrices A 1 and G 1 describe absorption and the additional fluctuations, respectively [27] . For the loss mechanism we have in mind, they simply read
Here, |T 1a | and |T 1b | are the transmission coefficients of the lossy channels which we assume to be at zero temperature. Note that this assumption is well justified for optical frequencies where the mean thermal photon number at room temperature is of the order of 10 −8 . In this model, the transmission coefficient is related to the parameters α 1 and β 1 by |T 1a | = cos α 1 , |T 1b | = cos β 1 . It turns out that the qualitative picture does not depend much on the details such as whether the loss parameters α 1 and β 1 are equal or the losses occur in one channel only. Thus, with experiments in mind, let us assume symmetric losses, namely |T 1 | = 0.9999 leading to 0.01% losses in both channels. Therefore, we have
For example, mode mismatch at the beam splitter B 1 leads to such symmetrical admixture of vacuum. Losses in the interferometric part of the set-up (modesâ 2 andb 2 ) are analogously described by loss parameters α 2 and β 2 which parametrize the admixture of two more vacuum modesû 2 and v 2 with the path modesâ 2 andb 2 , which we can again describe by
with matrices A 2 and G 2 analogous to equations (21), with a transmission coefficient |T 2 | = cos α 2 . Figure 4 (a) illustrates the tolerance of our scheme to losses in the preparation part and in the interferometer part of the set-up. The scheme shows a scaling different from the N −1 behaviour. Indeed, at the threshold intensity, ≈2/[9(1 − |T i |)], it switches from δϕ ≈ 4/ N to the poorer scaling δϕ = κ/ √ N . Beyond the threshold intensity we find
It turns out that the scheme is much more sensitive to imbalances of the first beam splitter B 1 than to those of B 2 ; this is described bŷ
conforming with the case 2 = 0 used in the derivation of equations (6) and (7). In terms of the covariance matrices used, we have to replace the beam splitter matrix B 2 in equation (8) by
The imbalance in transformationB 1 is described, in full analogy, by an imbalance angle 1 . It appears that a non-zero 1 leads to saturation: for positive imbalances the saturation level is δϕ ≈ 4 1 and it is δϕ ≈ 12| 1 | for negative 1 (see figure 4(b) ).
It turns out that variation of 2 modifies the coefficient κ but not the scaling exponent in δϕ = κ/ N ; as mentioned above, for 2 = 0 we find δϕ = 4/ N . Note that, surprisingly, a large imbalance 2 , as displayed in figure 4(c) , yields a small increase in performance quality (κ is being reduced). We have no explanation yet for this finding and we think it deserves further investigation and might even lead to a trick for reducing the scaling reported here down to the Heisenberg limit δϕ = 1/ N . Variation of the value of the imbalance parameter 2 alone leads to an optimal value for the imbalance of 2 ≈ 0.2375 and to our central result equation (1) . This probably is the best our scheme can offer.
Note that we did not discuss a criterion for the power of the pump beam driving the parametric down-conversion source and of the power needed for the strong local oscillator fields necessary to perform the balanced homodyne measurements H a and H b ; see figure 1. If this is included, the effective performance of our scheme could be reclassified as less efficient, yet it remains a scheme with Heisenberg-limitlike scaling. The penalty to pay is not too large for large intensities because the local oscillator's shot-noise-to-signal ratio diminishes with increasing signal strength, thus yielding very accurate homodyning signals. In this context we would also like to mention that there are promising recent ideas for efficient and bright down-conversion sources [31] .
Also note that the considerations of this paper might turn out to be of importance for atom-beam interferometry [15] since four-wave mixing has been reported yielding correlated atom beams in states similar to the two-mode squeezed vacuum states discussed here [32] .
Conclusions
We have found that bosonic two-mode squeezed states can be used in an interferometer to achieve phase resolution near the Heisenberg limit; see equation (1) . This only works at particular phase settings; the noise is phase sensitive and the set-up therefore needs a feedback mechanism. The degrading influence of experimental imperfections is analysed and it is shown that requirements on the state preparation part of the setup are very stringent. On the other hand, our scheme is more robust with respect to imperfections of the interferometer part of the set-up and it does not suffer from single-photon detection problems because it relies on balanced homodyne detection.
